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Introduction 

• Presentation describes the application of a System Identification (SI) method to ship simulation models 

– Current SI method calculates the 120+ coefficients that form part of the standard equations that describe the 
submarine motion dynamics from data acquired during a single manoeuvre 

• Ship simulation models are powerful aids in the early design stages 

– To assess the maneuvering performance of the vessel (Submarine Manoeuvring Limitation Diagram) 

– To design a well-tuned autopilot for course (and also for depth in the case of a submarine) 

– To integrate into operator training simulators for high-fidelity vessel motion representation 

• Ship simulation models derive from mathematical formulations that describe the motion dynamics of the vessel 

– There are many variants of such mathematical formulations, incorporating various terms in the equations which 
are generally a function of the ship’s velocity 
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Introduction (cont’d) 

• Example: Right-hand-side force term in the 
submarine heave motion equation  
(Renilson, Submarine Hydrodynamics, 2015) 

– Term forms part of the Gertler & Hagen (G&H) 
equations, widely used in the US, the UK and 
Canada 

• The coefficients in the equations must be 
determined, i.e. calculated  

– 𝑍𝑞 
′ , 𝑍𝑝𝑝

′ , etc. 
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Introduction (cont’d) 

• At the ship’s design stage, the coefficients can be calculated in various ways 

– Theoretically, for example using Computational Fluid Dynamics methods 

– Experimentally on a captive scaled model, by carrying out experiments in a towing tank and 
using various mechanisms (rotating arm, planar motion mechanism, etc.) 

– Experimentally on a free-running (autonomous) scaled model, by applying system 
identification (SI) methods 

Vessel carries out pre-defined manoeuvre(s) 

Motion data is collected and processed by the SI algorithm to calculate the coefficients 
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System Identification Method 

• Current SI method is applied to the “standard equations” that describe the motion dynamics of a submarine 

– Gertler and Hagen (G&H) equations, which contain over 120 coefficients 

– Contrary to a surface ship, the submarine manoeuvres in three dimensions, which adds complexity and additional 
terms and coefficients to the equations 

• SI method is based on the application of a Kalman filter trained with submarine motion data collected in a trial 
basin (or at sea) 

– SI algorithm uses the Square-Root Unscented Kalman Filter (SR-UKF) for parameter estimation 

– Submarine performs a manoeuvre during which motion data is collected (speed, depth, roll, pitch, heading, etc.) 
 Collected data becomes the “training data” for the SI algorithm  

– SI algorithm is iterative in time 
 At each time step, one training data sample is presented to the algorithm which refines its calculated estimates 

of the coefficients 

• SI algorithm was described in “Submarine Autopilot Performance Optimization with System Identification, 
Belanger, Millan, Cyril, Proceedings of the International Ship Control Systems Symposium, Glasgow, 2018” 
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System Identification Method (cont’d) 

• SR-UKF requires the specification of the problem nonlinear mapping 

– 𝐆 𝐱𝑘 , 𝐰k  encapsulates the equations of motion 

 𝐱𝑘: State vector at time 𝑡𝑘 (submarine linear/angular position/velocity – 12 components) 

𝐱 = 𝑢 𝑣 𝑤 𝑝 𝑞 𝑟 𝜙 𝜃 𝜓 𝑥 𝑦 𝑧 𝑇 

 𝐰k: Coefficient estimates at time 𝑡𝑘, stacked into a 122-vector 

• SR-UKF equation is 

– 𝐝𝑘+1 = 𝐆 𝐱𝑘 , 𝐰k + 𝐞𝑘 

where 

 𝐝𝑘+1: Training data sample at time step 𝑡𝑘+𝟏 (subset of state vector) 

 𝐞𝑘: Error between 𝐝𝑘+1 and the value predicted by the nonlinear mapping 

• In the machine learning context, the SR-UKF algorithm has also been referred to as the Cubature Kalman Filter, the 
closest direct approximation to nonlinear Bayesian filtering 

© 2019 L3 MAPPS Inc. All rights reserved. 



SR-UKF Equation and Problem Nonlinear Mapping 𝐆 𝐱𝑘 , 𝐰k  

• 𝐆 𝐱𝑘 , 𝐰k  is obtained by writing down the G&H equations in vector form and discretizing them with an 
Euler time-differencing scheme: 

 

 

 

• Not all components of the state vector 𝐱𝑘 are required 

• Define 𝐂 =

𝟎1×1 𝟎1×8 𝟎1×3
𝟎8×1 𝐈8×8 𝟎8×3
𝟎3×1 𝟎3×8 𝟎3×3

, and pre-multiply equation by 𝐂 

• SR-UKF equation 𝐝𝑘+1 = 𝐆 𝐱𝑘 , 𝐰k + 𝐞𝑘is obtained with  
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𝐱 = 𝐆 𝐱,𝐰  G&H equations in vector form 

𝐱𝑘+1 = 𝐱𝑘 + Δ𝑡 𝐆 𝐱𝑘 , 𝐰𝑘  Euler time-differencing scheme 

𝐱𝑘+1 = 𝐆 𝐱𝑘 , 𝐰𝑘  where 𝐆 𝐱𝑘 , 𝐰𝑘 ≜ 𝐱𝑘 + Δ𝑡 𝐆 𝐱𝑘 , 𝐰𝑘  

𝐝𝑘+1 = 𝐂  𝐱𝑘+1 

𝐆 𝐱𝑘 , 𝐰k = 𝐂 𝐆 𝐱𝑘 , 𝐰𝑘  

𝐝𝑘+1 ≡ 𝑣𝑘+1 𝑤𝑘+1 𝑝𝑘+1 𝑞𝑘+1 𝑟𝑘+1 𝜙𝑘+1 𝜃𝑘+1 𝜓𝑘+1
𝑇 



Square-Root Unscented Kalman Filter (SR-UKF) 

SR-UKF is a 3-step algorithm (van der Merve and Wan): 

1. Initialization: 

For 𝑘 ∈ {1, … ,∞} do steps 2 and 3 

2. Time Update and sigma point calculation 

 

 

 

3. Measurement update equations:  
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𝐰 𝑘
− = 𝐰 𝑘−1

−  

𝐒𝐰𝑘
− = λ

RLS
−1/2

 𝐒𝐰𝑘−1
 

𝓦𝑘|𝑘−1  = 𝐰 𝑘
− + 1/𝑁 𝐒𝐰𝑘

− 𝐰 𝑘
− − 1/𝑁 𝐒𝐰𝑘

−  

𝓓𝑘|𝑘−1 = 𝐆 𝐱𝑘,𝓦𝑘|𝑘−1  

𝐝 𝑘 =
1

2𝑁
 𝒟𝑖,𝑘|𝑘−1
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𝑖=1
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𝑇  

𝐒d𝑘 = qr{[ 1/2𝑁[𝓓1:2𝐿,𝑘 − 𝐝 𝑘] 𝐑𝑒]} 

𝐏𝐰𝑘𝐝𝑘 =
1

2𝑁
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𝒦𝑘 = (𝐏𝐰𝑘𝐝𝑘/𝐒d𝑘
𝑇 )/𝐒d𝑘  

𝐰 k = 𝐰 𝑘
− +𝒦𝑘(𝐝𝑘 − 𝐝 𝑘) 

𝐔 = 𝒦𝑘𝐒d𝑘  

𝐒𝐰𝑘
= cholupdate{𝐒𝐰𝑘

− , 𝐔,−1} 



Submarine Manoeuvre 

• A submarine manoeuvre was devised to generate the training data to be processed by the SI algorithm 

– Manoeuvre has a simultaneous depth and course sinusoidal variation 

– Zigzag or other type of manoeuvre did not perform as well 

• Manoeuvre was performed in a simulation environment that implements the G&H equations 

• Manoeuvre was performed under control of a depth and course autopilot, integrated in the same simulation 
environment 

© 2019 L3 MAPPS Inc. All rights reserved. 



Submarine Manoeuvre (cont’d) 
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Manoeuvre has the following characteristics: 

• Depth set-point has a sinusoidal variation with an 
amplitude of a few meters and a period between 100s 
and 200s 

• Course set-point has a sinusoidal variation with a similar 
period as the depth variation. Amplitude can be small, 
typically below 50 degrees 

• Propulsor RPM is set to a value that stays constant (RPM 
can be for a relatively low value of the self-propulsion 
speed) 



Simulation Environment 

• The simulation environment generates all the data that needs to be processed by the SI algorithm 

– The data can be considered to be “collected and measured” with perfect accuracy and resolution 

 

• This type of environment provides a litmus test for establishing the baseline accuracy of the SI algorithm 
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𝐝𝑘+1 ≡ 𝑣𝑘+1 𝑤𝑘+1 𝑝𝑘+1 𝑞𝑘+1 𝑟𝑘+1 𝜙𝑘+1 𝜃𝑘+1 𝜓𝑘+1
𝑇 

Coefficients, 𝐰 

Manoeuvre (𝛿𝑏, 𝛿𝑠, 𝛿𝑟) 

𝐝𝑘 SI Algorithm 𝐰𝑘 
Simulation Model 

(G&H Equations) 



Simulation Environment (cont’d) 

• Measurement errors can be simulated by adding noise, bias, resolution artefacts to the simulated data 

– Allows “real-world” impact to be assessed 

• SI algorithm needs to process 60,000 data samples to achieve convergence 

– 60,000 iterations3,000 seconds of simulation time with a time step of 0.05 second 

– If less than 60,000 data samples are available, data can be spliced or oversampled 
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Results – Baseline Accuracy 

• The data is “collected and measured” with perfect accuracy 

– Simulation data 𝐝𝑘 is directly fed to the SI algorithm without measurement errors being superimposed 

• The calculated values of the 122 coefficients match the values built into the simulation environment with an 
average error less than 0.2% 

– In the rolling moment equation, the error was greater for a few coefficients which have small values 

 Average roll was not equal to zero during the manoeuvre (phase of depth and course manoeuvres should be 
staggered) 
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Results – Baseline Accuracy (cont’d) 

Example: Calculated linear derivatives used in the design of the depth and course autopilots 
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Results – “Real-World” Sensor Data Processing 

• In the “real world,” i.e. in a towing tank or at sea, some data has to be derived from measured data 

• Data required by SI algorithm: 

• Data which is available 

– Roll, pitch, yaw (𝜙, 𝜃, 𝜓) should be measured and be available  

• Data which is not available 

– Sway and heave velocity (𝑣, 𝑤) cannot be measured directly 

– Angular velocity (𝑝, 𝑞, 𝑟) in a reference frame attached to the submarine are not measured directly  
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𝐝𝑘+1 ≡ 𝑣𝑘+1 𝑤𝑘+1 𝑝𝑘+1 𝑞𝑘+1 𝑟𝑘+1 𝜙𝑘+1 𝜃𝑘+1 𝜓𝑘+1
𝑇 



Results – “Real-World” Sensor Data Processing (cont’d) 

• Kinematic relationship can be used to derive data:  𝐯 = 𝚯−𝟏 𝐫 ,  where 

• Rates of roll, pitch and yaw (𝜙 , 𝜃 , 𝜓 ) may be measured directly by the navigation system, or they may be 
calculated by applying a differentiating filter to (𝜙, 𝜃, 𝜓) 

• Time derivative of ground track (𝒙 , 𝒚 ) maybe obtained from speed-over-ground (SOG) and course-over 
ground (COG), making corrections for ocean currents 

– Or they may be obtained by applying a differentiating filter to the ground track (𝑥, 𝑦) obtained from 
processing longitude and latitude data 

• 𝑧  may be obtained by applying a differentiating filter to the depth signal 𝒛 
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𝐯 = 𝑢 𝑣 𝑤 𝑝 𝑞 𝑟 𝑇 

𝐫 = 𝜙 𝜃 𝜓 𝑥 𝑦 𝑧 𝑇 



Results – “Real-World” Sensor Data Processing (cont’d) 

• Real-world sensor data processing was modelled in the simulation environment 

– Roll, pitch and heading and heading rate (𝜙, 𝜃, 𝜓, 𝜓 ) were assumed to be measured, i.e. provided by the 
navigation system (simulation values were used) 

– Rate of ground rack (𝑥 , 𝑦 ) was calculated from simulated SOG, COG (with no superimposed ocean current) 

– Rates of roll, pitch and depth (𝜙 , 𝜃 , 𝑧 ) were obtained by differentiating (𝜙, 𝜃, 𝑧) 

– Kinematic relationship 𝐯 = 𝚯−𝟏 𝐫  was then used to derive the data d𝒌 required by SI algorithm 

• Results were identically good, establishing the viability of the basic data processing approach  
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Results – Effects of Sensor Measurement Errors 

• Sensitivity of SI algorithm to sensor measurement errors was assessed using worst case NATO figures for 
sensor specifications 

– Sensitivity of SI algorithm to sensor measurement offsets (accuracy/precision) 

 Roll measurement offset only impacts on the calculated value of 𝑲∗
′  

 Pitch measurement offset only impacts on the calculated values of 𝒁∗
′  and 𝑴∗

′  

 Heading measurement offset does not impact on the calculated coefficients 

– Sensitivity of SI algorithm to sensor measurement resolution 

 Resolution effects were applied to COG and SOG (staircase variations) 

– Values of (𝑥 , 𝑦 ) calculated from COG and SOG have a notable impact on all the coefficients, i.e. not 
only on the sway-roll-yaw coefficients, and ocean currents have a similar impact 

• Trim and Ballast condition only impacts on the calculated values of 𝒁∗
′  and 𝑴∗

′  (like pitch offset) 
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Conclusions 

• SI algorithm has very good baseline accuracy  

• SI algorithm calculates all the coefficients by processing data acquired during a single manoeuvre 

• Sensor measurement offsets (accuracy/precision) do not impact on manoeuvring characteristic predictions 

• Derived (calculated) values of ground track velocity (𝑥 , 𝑦 ) have a notable impact on all the coefficients (not only on 
the sway-roll-yaw coefficients) 

– (𝑥 , 𝑦 ) impacted by ocean currents, resolution of SOG/COG signals, etc. 

– Environmental conditions are difficult to control at sea, but should be OK in a tank testing facility 

• Recommendations for sea trials (and tank testing trials) 

– Perform depth-sine-only manoeuvre at first, to obtain good values for surge-heave-pitch coefficients, followed by 
course-sine-only manoeuvre 

 Good predictions of safe manoeuvring envelope can be obtained (vertical motion) 

• SI algorithm can be adapted to handle surface ships, by modifying the nonlinear mapping 
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